Abstract
Introduction
Islamic banking industry, has experienced considerable growth in the recent years which makes it an important rival for conventional banking. Actually, the global Islamic banking assets, has grown to 1.3 trillion dollars in 2012 and it is forecasted to grow beyond the milestone of $2 trillion by 2014 (Ernst and Young, 2013) . The expansion of Islamic banking industry has gone beyond the border of Islamic countries and deeply entered in to other countries where Muslims are a minority, such as the United Kingdom or Japan (Solé, 2008) . This considerable growth caused many scholars and researchers to conduct some analysis about the relative performance of Islamic and conventional banking systems. Ahmad and Hassan (2007) after introducing the concept of Riba and some reasons for its prohibitions in Islam, provide a conceptual comparison between the Islamic and conventional banking systems. According to their study, the Islamic banking system works more efficient than its conventional counterpart since Islamic banking priority is public interests but conventional bank considers its own interests. Moreover, while Islamic banks choose the most efficient projects by exact and multi aspect evaluations, conventional banks just consider credit-worthiness of their clients.
Also some Islamic economic scholars have used real data analysis for such a comparison. Mohamad, Hassan and Bader (2008) examined the cost and profit efficiency for a sample of 80 banks including 37 conventional and 43 Islamic, using the stochastic frontier approach. Also recently, Iqbal (2011) has chosen a sample of twelve Islamic and twelve conventional banks during 1990 to 1998 and tried to calculate and compare some banking industry ratios such as liquidity and capital asset ratios for both systems. In a similar study, Ahmad and Abdul Rahman (2012) have also tried to compare the efficiency of Islamic and conventional banking system in Malaysia using data envelopment analysis. However, none of the above mentioned authors have paid enough attention to the mathematical modelling of all aspects of the banking performance to do a comparative study.
In this paper we try to propose a new approach for comparing the performance of Islamic and conventional banking systems using stochastic optimal control method. Actually, the goal of stochastic optimal control method (or dynamic stochastic optimization) is the optimization of an objective function subject to some constraints of the form of stochastic differential equations. Applying the concept of stochastic process in economic and finance fields goes back to the famous work of Black and Scholes (1973) about option pricing. Afterward, Dangl and Lehar (2004) used a continuous time stochastic model to find the bank optimal portfolio and its capital requirements. In another study, Mukuddem-Peterson and Peterson (2006) used stochastic optimal control method to minimize market and capital adequacy risk of the bank and suggest one optimal portfolio for the bank loans. Also one can refer to Sheldon (2006) for a review of other applications of stochastic optimal control in economic researches during this period. Later, Mukuddem-Petersen et al. (2007) used stochastic optimal control method for maximizing discounted utility of depository consumption subject to stochastic changes of bank profit over time. In their study they assumed that the loan value provided to customers by the bank is a stochastic random variable which follows a geometric Brownian motion process. Also recently, Abutaleb and Hamad (2012) used this method to derive a simple formula for the optimal level of international reserves in Egypt. However, it should be noticed that the application of stochastic optimal control method for mathematical modelling of Islamic banking system, is a completely new approach which will be addressed in this paper.
To use the stochastic optimal control method for the comparative study of the Islamic and conventional banking industries, first we try to construct different objective functions along with different stochastic constraints for each of these systems. Here, we have to consider the fact that the Islamic banking system and its conventional counterpart are different in both their goals and their methods of operation. The most fundamental difference is that in the Islamic banking system, the bank is not the owner of the deposits and just, as a Wakil for depositors, tries to maximize their profit. The other main difference is the existence of both Musharakah and fixed return contracts in the loan portfolio of the Islamic banks while all the loan contracts in the conventional banking system are based on the fixed interest rates. After constructing the optimization problems for each banking system according to its characteristics, In the next step, we try to solve these stochastic optimization problems using their Hamilton-Jacobi-Bellman equations. This method leads to a stochastic differential equation for each system, which its mathematical solution is hardly possible. So, we have applied Euler-Maruyama Simulation method to obtain the optimal path for key banking variables and compare the performance of Islamic and conventional banking systems assuming different model parameters.
The remainder of this paper is organized as follows: In Section 2, we will try to construct the optimization problem for conventional and Islamic banking systems, by defining the objective functions and stochastic constraints in each system. In Section 3, after introducing Euler-Maruyama Simulation method, we will use this method for simulating the stochastic differential equations, derived for each banking system. Also in this section, assuming different parameter values, we will compare the performance of Islamic and conventional banking systems in different situations. Finally some concluding remarks are given in Section 4.
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Solving the above stochastic differential equation leads to the optimal path of loan performance in the conventional banking system. Since the mathematical solution of this stochastic differential equation is hardly possible, we will use simulation methods to solve this equation in Section 3.
Islamic Banking
For constructing the optimization problem in the Islamic banking system, we have to consider main characteristics of this banking system. The most important characteristic of the Islamic banking system is the prohibition of the Riba concept in the banking operation. Riba has two broad types: (1) Riba Al-Nasia and (2) Riba AlFadl, but only the first one is related to the banking operation. What is prohibited by Shariah as Riba Al-Nasia is borrowing with the condition of paying back some additional benefit. This concept of Riba exists when Qard contract exists and the definition of Qard in Islamic jurisprudence is "Transferring the ownership of an asset to another with the grantee that he/she would pay it back" (Iravani, 1999) .
So, for eliminating Riba from Islamic banking system, there should be no Qard contract both in getting deposits from customers and providing loan to them. Actually, when depositors put their money in their accounts in one Islamic bank, no ownership transfer would happen and that Islamic bank just try to work with the depositor's money, as their Wakil, to pay each depositors her share from the gained profit in the banking operation. Also, for providing loan to customers the Islamic bank should use either Musharakah contracts or fixed return contracts like Murabahah to be away from Riba based loan system. Since the bank in Islamic system is nothing but a Wakil for depositors, it seems that in the Islamic banking system the main goal is to maximize the depositor's profit, in contrast with what we see in the conventional banking system where the bank tries to maximize its own profit. Considering these differences, in this section, we try to construct a stochastic optimization problem which is compatible with Islamic banking system. Using the same assumption about probability space and also the same notation as the previous section, we could rewrite equation 2 for the stochastic change of loans in the Islamic banking system as follows:
Simulation of the Banking Performance
Euler-Maruyama Simulation method
Since finding the exact solutions for the stochastic differential equations of the loan performances in the conventional and Islamic banking industries is hardly possible, we try here to use the Euler-Maruyama simulation method for solving these equations and finding the optimal paths of loan and deposit in the two banking systems.
Hanson (2007) has used Euler-Maruyama simulation method to find a numerical solution for the following stochastic differential equation:
Conclusion
Comparing Islamic banking performance with its conventional counterpart is one of the main interests of scholars in recent years, but using stochastic optimal control method for this comparison is a new approach which is applied in this paper, for the first time. Actually, we have assumed that providing loan to costumers in the banking industry follows the Brownian motion process. To construct the stochastic optimization problems for Islamic and conventional banking, an objective function and a stochastic constraint has been considered for each system. Obviously, since Islamic banking industry has its own characteristics, we have to differentiate both objective function and constraint of this banking system from conventional ones. The two main characteristics of Islamic banking system, which cause differences in its optimization problem are, (1) having two types of loan, Musharakah and fixed return contracts and (2) playing the role of Wakil for the depositors and trying to maximize their profit. Solving the stochastic optimization problems of these banking systems, lead us to a stochastic differential equation for each system and since the mathematical solution of such equations are hardly possible, we have used simulation methods for numerical solutions.
Comparing the simulation results shows that, first of all, the most important parameters for banking systems to run better are their relative rates. This shows the importance of competition between Islamic and conventional banking systems i.e. each banking systems that offers lower rates to its customers, when all other things are equal, over performs the other system. Second, when the rates of two systems are almost the same, Islamic banking performance seems better than conventional banking system and, third, by allocating more portion of loan portfolio to Musharakah contracts, Islamic bank is less worried about the profitability of Musharakah projects since it has to make less real calculated end of period compensation to its depositors.
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